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The purpose of this paper is to investigate those colimits bvhich are 
preserved by all functors. These colimits are called absolute. 
\\‘c show that the Yoncda embedding can be used to test colimits for 
absoluteness. \Ve then characterize absolute colimits in terms of conncctcdncss 
in certain comma categories. 
In Section 5, we give special cases and examples. Then, in Section 6 we 
investigate the occurrence of absolute colimits in the theory of algebras over 
a triad (triple, standard construction). There we give a means of computing 
pushouts and coequalizers of pairs of maps of a specific, but quite gcncral, 
kind. These pushouts and coequalizers are absolute. This gi\-es a \\a!- of 
deciding whether or not two maps of the above mentioned type are 
equal. 
The last section deals with Beck’s theorem. Absolute colimits pia!, the role 
of his contractible coequalizers. By using absolute colimits, proofs become 
conceptual rather than computational. We obtain proofs which arc more in 
the spirit of category theory. \T’e end with several examples to show how the 
new conditions are easier to work with. 
Absoluteness properties should be seen as a means of eliminating equations 
and the computations involved with these equations. It is our opinion that 
absolute properties are fundamental in mathematics and one should learn to 
recognize them and make full use of the absoluteness. The characterizations 
are useful in recognizing them. 
In what follows, a property which is preserved by all functors will be called 
absolute. All categories are locally small. Composition is written from right 
to left, and we use the same symbol for an object and its identity. S denotes 
the category of sets. 
Let T’ : I --f A be a diagram (i.e., functor). A week colimit of r is an object -3 
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of A and a natural transformation TV : r--, A (iz also denotes the functor 
I - A with constant value 4) such that for every object A’ of A and every 
natural transformation v : T-F &-2’ there exists a map f : A - 4 in A such 
thatfp == V. If, furthermore,f is unique with this property, the pair (A-1, CL) is 
called a colimit of T. A functor CT : A -B is said to preserve this (weak) 
colimit if (7,;A, IJp) is a (weak) colimit of (:I’. 
\Ve shall often make use of the following special case of Lawvere’s ronzma 
catygoyy: If F : I -+ A is a functor and A is an object of A, let (iz, F) denote 
the category whose objects arc pairs (I, a), where 1 is an object of I and 
a : .4 +lJI is a map of A, and whose maps f : (I, a) - (I’, a’) are maps 
.f : I - 1’ such that Ff a a’. When there is no confusion possible we write 
a : d -FI for (I, u). 
A natural transformation 4 : F + G@ induces a functor (A, F) + (=1, G) 
which sends (I, a) to (@I, $1 u). 
A map e : A - A is idempotent if e e 7-z e. It is a split idempotent if it is 
of the form d4 : A’ 5 A with .vy == i3’. 
1. ABSOLUTE EPIS 
Fix a category A. A family of maps of A, {ui : Ai --f A’ 1 i E 1> is called a 
joint epi if ~a~ = yui for all i implies that x = y. 
PROPOSITION 1.1. A fumily of maps {ui : Ai ---f ,4’} is an “absolute joint epi” 
if and only if there exists an iO E I and a’ : A’ ---f Ai,, such that ujOu’ = A’. 
Proof. Apply the representable [A’, -IA : A+ S and note that in S 
a family of maps is jointly epi if and only if it is jointly onto. I 
COROLLARY 1.2. il map u : A - A’ is an absolute epi if and only if it is a 
split epi. 
2. ABSOLUTE COLIMITS 
In this section all colimits and weak colimits will be over small diagrams. 
THEOREM 2.1. A (weak) colimit in a small category A is absolute if and only 
if it is preserved by the Yoneda embedding. 
Proof. If B is any small category and F : A+ B any functor, then the 
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left Kan extension gives us a cocontinuous functor F making the following 
diagram commute 
A cocontinuous functor with a cocomplete domain also preserves weak 
colimits. Since Y, reflects (weak) colimits, F will preserve any (weak) colimits 
preserved by I;, 
Now if B is not small, the full image of F is certainly small and any (weak) 
colimit diagram preserved by I:* will be sent to a (weak) colimit diagram in 
any small subcategory of B containing the full image of F. If this diagram 
were not a (weak) colimit diagram in B, there would be a counterexamplc 
in B, but this counterexample would be contained in a small subcategory of B 
containing the image of F. It must therefore be a (weak) colimit diagram in B. fl 
3. CHARACTERIZATION OF ABSOLUTE WEAK COLIMITS 
Two objects d and A’ arc said to be connected in a category A if there 
exist finitely many objects A, , A, ,..., d,, such that 4 := 4, , d’ mm. iZ, , and 
[LIP1 , 4,] u [Ai , -4i-J # @ for every i = 1, 2 ,..., n. Connectedness is an 
equivalence relation on the objects of A and we denote the set of equivalence 
classes by n,,(A). a,(A) can be defined as the following coequalizer in Cat: 
a0 
A2 : A --j z-,,(A). 
a, 
LEMMA 3.1. Let F : I ---f A be a functor, let I,, be a fixed object of I, and let 
h(I) : F(Z) - F(ZJ be natural in I. Assume that for eaery Z E 1 I 1, h(Z) and F(Z) 
are connected in the comma category (F(I), F). Then if v(I) : F(Z) -+ A is natural 
in Z we have v(I,,) A(I) = v(I)for every I E j I 1. 
Proof. v:F+A can be viewed as v:F+rAl@, where @:I+Q and 
rA1 : 11 -+ A takes the value A. Thus we get a functor (F(Z), F) 7 (F(Z), rA1) 
(see introduction) which sends F(Z) :F(Z’) to F(I) >F(Z’) u(l A. If h(Z) 
and F(Z) are connected in (F(Z), F) then their images, v(Z,,) X(Z) and v(Z), 
must be connected in (F(Z), rA1). But (F(I), r4’) is discrete, therefore 
v(I,) A(I) = v(Z). I 
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This lemma shows that under the given hypothesis, a natural transfor- 
mation into a constant functor is entirely determined by its value at Z,, . 
Furthermore, we have a constructive way of computing it. 
THEOREM 3.2. Let p(Z) :F(Z) ---.+ Lq be natural in 1. (-4, p) is an absolute 
weah co&lit of F if and only if there exist Z,, E ~ I ! and d,, : rl ---f F(Z,) such that 
fey ecel;y I E I ~, d&Z), and F(Z) are connected in the cornmu category (F(Z), F). 
Proof (Sufficiency). Let G : A - B be any functor. There is an induced 
functor (F(Z), F) + (GF(Z), GF) which takes d+(Z) to Cd,, Gp(Z) and F(Z) 
to GF(Z), thus Cd,, . Gp(Z) and GE’(Z) are connected in (GZ(Z), GF). 
Xow if v(Z) : GF(Z)- B is natural in 1 take v(Z,,) Gd,, : G(il) + R. Ry 
Lemma 3.1 v(Z,,) t Cd,, . Gp(Z) = V(Z), thus G/L(Z) : GF(Z) -+ G-4 is a weak 
colimit diagram. 
(Necessity). Assume, for the moment, that A is small. -4pplying the 
Toneda functor A---f S “Or’, we SW that [--, F(Z)] Ll*% [--, -41 is a weak 
colimit diagram in SA”‘. Let n,,(-, F) : Aor) + S be the functor which 
associates to d E A 1 the set of components of the comma category (A, F). 
The component of F(Z) in r,(F(Z), F) corresponds, bv the Yoneda lemma, 
to a natural transformation X(Z) : [--, F(Z)] - z-“(-, Q-and X is natural in 1. 
(In fact n&-4, F) y= m, [=1, F(Z)] and the X(Z) are the injections.) 
Therefore there exists a natural transformation 4 : [-, 91 + 7~“(---, F) 
such that the following diagram commutes: 
4 
\ [-,dJ)l 
f 
T,--, 0 
But + corresponds, by the Yoneda lemma, to d,, , the component of some 
d, : d ---f F(Z,), in rn,(A, F). If we chase the identity in the above diagram, 
we get d&Z) = F(Z). Therefore, d,+(Z) and F(Z) are connected in (F(Z), F). 
If A is not small, the same proof works with the following minor modifi- 
cation. Simply replace S*“” by the category whose objects are functors 
A[)p ---f S and whose maps are given by 
[F, G] = n.t.[F, G], if F representable, 
= 1, if F = G and F not representable, 
= 0, otherwise. 1 
The following proposition, whose proof is straightforward, will be used 
later. 
PROPOSITION 3.3. Let F, G : I -+ A he functors and assume that there 
are natural transformations G --“:, F L G such that t s ~-= G. Then if 
p(I) : F(I) + A is an absolute weak colimit diagram for F, G(I) A’% F(1) *% z3 
is an absolute weak colimit diagram for G. 
4. CHARACTERIZATION OF ABSOLUTE COLIMITS 
THEOREM 4. I. Let p(I) :&‘(I) ---r A b e natural in I. (-4, p) is an absolute 
colimit of F if and only if there exist I,, E I 1 and d, : =Z -+ F(Ie) such that 
(a) fov every I E I I, d,,/“(I) and F(I) are connected in the comma category 
(F(I), F), 
(b) ~(4,) 4 = A. 
Proof. The sufficiency of the conditions is obvious since (a) means that 
(d, CL) is an absolute weak colimit, and (b) means that (u(I) / I E 1 I I$ is an 
absolute joint epi. 
Conversely, if (-4, CL) is an absolute colimit, then it is an absolute weak 
colimit, thus we have (a). Now p(IJ d&I) == p(I) by Lemma 3.1, and since 
{p(I)] is a joint epi, ~(1~) ct,, --~ A. I 
THEOREM 4.2. Let (A, p) be an absolute weak colimit of F : I -A. Then, 
using the notation qf Theorem 3.2, p(IO) d,, . is an idempotent and the following are 
equivalent : 
(a) ~(l,,) d,, is a split idempotent; 
(b) F has an absolute colimit; 
(c) F has a colimit. 
Proof. By Theorem 3.2 and Lemma 3.1 we know that ~(1,) d&I) = p(Z), 
thus p(IO) d,) is idempotent. 
(a) =+ (b): Assume that p(I,) d, = yx with my = A’. Then 
G4o)(+(IM = do&) 44) = 44) 
which is connected to F(I) in (F(I), F). Also (x,u(I,))(d,y) = xyxy = 4’. Thus 
xp and d,,y satisfy the conditions of Theorem 4.1. 
(b) + (c): Obvious. 
(c) 3 (a): Let v(I) : F(I) - A’ be a colimit diagram. Then there 
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exists x : ,3’ - iz such that xv(l) = ~(1) f or all I. We know by Lemma 3.1 
that V(I) = ~(1,) &p(1) = ~(1,) &XV(~), therefore (~(1,) d,,)x = A’. We also 
know that XV(&) d,, = ~(1~) da . 1 
5. REMARKS AND EXAMPLES 
If F is to have an absolute (weak) colimit then F(I) *I% A “I’- F(I,) and 
F(1) must be connected in (F(I),F) f or all I, and by projecting down to I 
we see that I must be connected. In particular, coproducts are never absolute 
(except when I = Q). 
\\‘e shall now look at some special cases where there are absolute colimits. 
\Ce shall see how Theorems 3.2 and 4.1 specialize and we give these character- 
izations in terms of equations. The following two lemmas are useful in this 
respect. 
bXMA 5.1. If a>e haae an object I, E ~ I i as described in Theorems 3.2 and 
4.1, and if there exists a: : I,, - J,, , then J0 is also such an object. 
LEbtnta 5.2. C’sing the notation of Theorems 3.2 and 4.1, ;f d,+(I) and F(I) 
are connected in (F(I), F) and if 01 : J ---f I, then d,+(J) and F( J) are connected in 
(F(J)aF). 
Using the above mentioned theorems and these two lemmas we get the 
following result, the second part of which appears in [7]. 
PROPOSITION 5.3. A 3 B 2 C is an absolute weak coequalizer if and only 
if there exist b : C -+ B a:d afinite number of bi : B - A such that 
au, = au, , 
ba = a,(,$, , 
a,& = ad2 , 
ambn = B, 
where v(i) is a sequence of O’s and l’s, and n > 0. 
Rathermore A 3 B 5 C is an absolute coequal&r if we have the extra 
relation ab = C. 
EXAMPLES 5.4. A 3 B 5 B is an absolute coequalizer which corresponds 
to the case where n = 0. 
If a : B + C is an absolute epi, then there exists b : C - B such that 
ab = C. It is easily seen that B 3 B : C is an absolute coequalizer. 
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If a : r-l -+ il is an idempotcnt, then .-1 $z a-l ‘I+ A is an absolute weak 
A 
coequalizer. u splits as an idempotent if and only if -4 $C d has a coequalizcr. 
Beck [I] defines il 3 B ‘+ c‘ to be a contractible coequal&r if there csist 
b : C - B and b, : B 1 + .I such that UC+ em aa, , ub ~~ c’, ba a,,b,, , and 
a,b,, H. Contractible coequalizers are absolute. 
If wc take d =~ (0, 1, 2 ,..., n 1 1 I, K (0, 1, 2 ,..., nj, C’ ;o;, a,(i) 
min(n, i), or max(0, i I), and a the only map into {Oj, .-1 <‘+ R % (.’ 
is an absolute coequalizcr in S. The characterization of Proposit& 5.3 can 
be realized by taking b(0) ~~ 0 and b,<(i) max(0, i 1 ~ k) for 1 . /z . II. 
By arguing on the cardinalities of the images of the maps a,b, , one sets that 
the number of b’s cannot be reduced. 
PROPOSITION 5.5. 
is an absolute weak pushout if and only if there exist d,, : P + B (or C) and a 
finite number of maps di , d,‘, such that 
This diagram is an absolute pushout ;f d,, satisfies the further relation p,d, =- P. 
For example, if we take C =-- &4, P = B, p, = a1 , a2 -== A, and p, == B, 
we have an absolute pushout. 
Nonempty intersections are absolute pullbacks in S. The only other 
absolute pullbacks in S are the duals of the pushouts mentioned in the 
preceeding paragraph. 
We conclude this section with a proposition which was proved by 
Lambek [3]. 
PROPOSITION 5.6. The colimit of any connected diagram in a group 
(considered as a one object category) is absolute. 
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6. TRIADS AND ABSOLUTENESS 
The following theorems show that absolute colimits and absolute limits 
occur naturally in the theory of triads (triples) and their algebras (see [2] and 
[5] for the theory of algebras over a triad). 
Let AL4 be the category whose objects are the symbols A, 7’4, 7”;2,..., and 
is generated by maps of the following form: 
for all ;,j ) 0, subject to the relations which say that T is a functor, 7, p are 
natural, (T, 7, p) is a triad, and (A, a) is a (T, 7, p)-algebra. 
Clearly, if U = (T, 7, p ) is a triad in A and (A, LX) is a U-algebra, there is 
a canonical functor R, : AA - A, taking Tid to Ti9, etc. 
THEOREM 6.1. Let r : I --f A-q be a small diagram such that for ecery 
category A, every triad (T, 7, p) on A and every (T, 7, p)-a&ebra (A, OI), 
R,r : I ---f A is a co&nit diagram, then r as well as R,r is an absolute co&nit 
cliqYam. 
Proof. By definition, (T, 7, p) is a triad in AL4 and (a, a) is one of its 
algebras. Since AA : Ail + AA is an R, , r is a colimit diagram in AA. 
\l’e will show that it is preserved by the Yoneda embedding (AA is small). 
By the Kan extension theorem, T extends to T making the following 
diagram commute: 
The natural transformations 7, p also extend to +j, p making (T’, q, fi) into a 
triad ?. (Y/l, YCX) is a f-algebra, and Y is an R, . By hypothesis, Yr is a 
colimit diagram and by Theorem 2.1 r is an absolute colimit diagram and 
thus all RJ are absolute colimit diagrams. 1 
An example will illustrate the meaning of this theorem. 
2 
TEA T s T’A @% A 
is a coequalizer diagram for every interpretation of (T, 7, p) as a triad and 
(A, CX) as one of its algebras. Theorem 6.1 implies that it is an absolute 
coequalizer diagram. 
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iYe get a similar result for limit diagrams in &I by considering a triad on A 
as a cotriad on A”r) and going through Theorem 6.1 for cotriads. 
We now investigate some of these absolute colimits. We first compute all 
pushouts of a specific type and then use these results to compute coequalizers. 
These pushouts and coequalizers are all absolute. These are the properties 
which should be used when working with algebras over a triad (instead of the 
usual equations). 
Recall the following lemma about pushouts. 
LmmA 6.2. Let 
be a commutative diagram. (a) If I and II are pushouts then I u II is also. 
(b) If I u II is a pushout and {CY, /3} is a joint epi, then II is a pushout. 
Fix a triad U =m (T, 7, p) and a U-algebra (A, a). For convenience define 
@IA = 01. 
The following diagram commutes for all i > k > 0, j > - I : 
The top and bottom rows are identities thus the large diagram is an absolute 
pushout. Since TiPTjA is an absolute epi, Diagram 6.3 is an absolute pushout. 
This shows us how to compute the pushout of an arbitrary pair of maps 
of the form T”ol or TipTIA and this pushout will be absolute. By using 
(a) of Lemma 6.2 we easily compute the pushout of arbitrary compositions 
of the above types of morphisms and they are all absolute. 
EXAMPLE. 
T5,1 uT=A.TuT’A l rpA 
T3a.T3uA 
1 1 
Te TuA 
T3A 
uA.Tu/f 
l TA 
is an absolute pushout. 
Since all maps of the above type are epi, two compositions are equal if and 
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only if their pushout is given by isomorphisms. But the maps in the pushout 
are again compositions of epis, thus these maps are iso’s if and only if each 
factor is iso. Thus we have an efficient method of deciding whether two 
maps Tid =f Tjd, of the above type, are equal or not. 
LEMMA 6.4. Let 
be a pushout diagram and let B 3 P 5 C be a coequalixer diagram. Then 
A 3 B % C is a coequalizer diagram. 
LEMMA 6.5. Consider the diagram 
and assume that for all i 2 0, 
is a pushout. If for some n, b,, = b,,‘, then b,,bnel ... b, is the coequalizer of b, 
and b,‘. 
Proof. Use induction and the previous lemma. 1 
By Diagram 6.3 we see that taking the pushout of two different maps lowers 
the power of T, and since all maps into A are equal, any pair of maps, of that 
particular type, will give a sequence of pushouts, as in Lemma 6.5, which 
eventually stops. Thus we compute coequalizers of arbitrary pairs of maps, 
built up from T, CL, A, and 01, and they are all absolute 
EXAMPLES. 
T”+‘n 
(a) Tni2A “a - Tn+lA =.Ta...T , 4 
l 
pT”A 
is an absolute coequalizer for all n 3 0. 
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(b) T6A 
TdA.T2~T2A + T4A 
l 
Tu.T2a.T3a l TA 
T"..T4~A 
is an absolute coequalizer. 
Even though the pushouts previously described were absolute for relatively 
simple reasons, these coequalizers arc not. Indeed, the first example requires 
n f 1 maps TnllA ---+ T”r2d to show its absoluteness, and the last of 
Examples 5.4 shows that this number cannot always be reduced (take 
TLl* = X + 1 in S, with obvious 7, p, and let ‘-1 mP I). 
The next proposition shows that all the propcrtics of an algebra (z-1, CK) 
can be recovered from the previously- mentioned absolute colimits. 
PROPOSITION 6.6. Let U := (T, 7, p) he a triud on A, let u: : ?:-I --+ A be 
an A-morphism and let ai ==~ CY . Ta . T”JI ..’ Il’ip’u. If for some n -;: 1, 
The large square commutes by hypothesis and the left square commutes by 
naturality. Since 01, = OL,-~ . P-la is an absolute epi, so is CY,,-~ , thus 
T‘%x,-~ is epi, therefore the right square commutes giving the associativity of LX. 
Now CY. .qA .01 = a: . TOM . ?TA = LX ~4 . TT-4 = 01 and since o( is epi, 
cx.17‘4 =A. 1 
Remark. A triad U = (T, 7, p) induces by composition a triad 
U* -= (TA, ?A, PA) on AA and (T, p) is a J-*-algebra. This permits us to 
compute in A*, pushouts and coequalizers of arbitrary pairs of maps Ti + Tj 
built up from T and p and these pushouts and coequalizers are absolute. 
7. TRIADICITY AND BECK’S THEOREM 
The definitions and theorems of this section are essentially due to Beck [l], 
except that he uses the notion of contractible coequalizers (see Examples 5.4) 
which we replace with the more natural notion of absolute colimits. 
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Let U : B - A be a functor. 
DEFINITIONS 7.1. We say that B has U-absolute colimits if every diagram 
r : I --+ B such that UT has an absolute colimit in A, has a c&nit (not 
necessarily absolute) in B. 
\‘e say that Gpreseraes r-absolute colinzits if whenever a diagram r : I - B 
has a colimit in B and .!Yr has an absolute colimit in A, then C preserves 
the colimit of r. 
1Ve say that U rejects U-absolute colinzits if for every v(1) : r(I) ---f U, 
natural in I, such that U(l) : Ur(1) - CB is an absolute colimit, then 
V(Z) : r(I) --f B is a colimit diagram in B. 
THEOREM 7.2. Letu = (T, y,p)b e a triad on A. Then A” has U”-absolute 
colimits and U’ preserves and reflects them. 
Proof. Let r : I +A’, let U”r = H, and CiTErr = h, then r(l) = 
(H(I), h(I)). Assume that H has an absolute colimit in A, ~(1) : H(I)+ A. 
Then Tp(I) : TH(I) -F Ti;l is also a colimit diagram. Since TN(I) a A 
is natural in I, there exists a unique CI : TA + A such that 
commutes. 
One easily sees that (A, a) is a U-algebra, ~(1) : (H(I), h(Z)) --f (A, a) is a 
U-homomorphism and that (-4, a) is the colimit of r. 
Obviously, Vi” preserves these colimits. 
Since LY was uniquely determined by the requirement that the ~(1) be 
homomorphisms, it is evident that CT reflects these colimits. 1 
If CT : B - A has a left adjoint F with unit and counit 7, E, we get a triad 
U = (C-F, 7, UEF) and a comparison functor @ : B + AU defined by 
Q(B) ~-. (C’B, UEB) and Q(b) = Cb. We say that U is triadic if @ is an 
equivalence of categories. 
1Ve can now state Beck’s triadicity theorem. 
THEOREM 7.3. A functor U : B --f A is triadic $ and only if U has a left 
adjoint, B has U-absolute coequalizers (OY pushouts), and U preserves and 
reflects U-absolute coequalizers (pushouts). 
Proof. If U is triadic, we can assume that B = A” and that U = U’. 
Then the necessity of the conditions is obvious from Theorem 7.2. 
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Conversely, if U has a left adjoint with unit 7 and counit E and if U satisfies 
the conditions of the theorem, then 6, the inverse of @, is defined by the 
following U-absolute coequalizer 
or the following CL-absolute pushout 
The details which show that CD and 5 are inverse equivalences are 
straightforward. 1 
TVe now give some known examples to show how our conditions simplify 
triadicity proofs. 
EXAMPLE 7.4. The usual forgetful functor C’ : Gr - S from groups to 
sets is triadic. 
It is well knoyn that U has a left adjoint. 
Now, let X 2f I- be two groups and two group homomorphisms and 
assume that X 7 Y % 2 is an absolute coequalizer in S. We want to define 
a group structure on Z in such a way that h is a group homomorphism. 
Consider the diagram: 
where m, and my are the multiplications of X and Y, respectively. The 
upper and lower squares on the left commute because f and g are homo- 
morphisms. Since, by absoluteness, the top row is a coequalizer, there exists 
a unique r+ : Z2 - 2 making the square on the right commute. 
We define the inverse and the unit in the same way, and it is easy to verify 
that this defines a group structure on 2. The group structure was defined in 
the unique way which made h into a homomorphism. It is also easy to verify 
that h is the coequalizer off andg in Gr. The preservation property is obvious 
and the reflection property follows from uniqueness. 
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This sketches the proof that U : Gr + S is triadic. In fact this is essentially 
the proof that any varietal category, in the sense of Linton [4], is triadic 
over S. 
EXAMPLE 7.5. JVe give an example of what we call absolute nonsense. 
Assume B $!? A is a triadic adjoint pair. Let C be any small category. Then 
BC 3 AC is a!so triadic. 
The left adjoint to UC is FC. 
Let @r $ QU be a F-absolute pair in BC, i.e., let 
be an absolute coequalizer in A c. Bv applying the evaluation functor, we see _
that 
is an absolute coequalizer in A for every C. By triadicity of (,T, 
@‘l(C) ‘“’ @o(C) 
has a coequalizer in B for every C. Therefore @r 3 DO has a coequalizer 
in BC. This coequalizer is obviously preserved and reflected by UC. 
EXAMPLE 7.6. Consider the following situation: C -2 B --% A, where U 
and v are triadic. It does not follow that C:l/’ is triadic (e.g., Torsion Free 
Abelian Groups --f Ab ----f S). 
Beck has conditions (which he calls VTT) which, when imposed on U, 
guarantee that UV is triadic. In our setting these conditions become: 
(VTT) Let U : B --f A be triadic and assume that the U-absolute coequal- 
izers (or pushouts) that B has and U preserves and reflects are themselves 
absolute. Then for any triadic V : C + B, UV is triadic. 
PROPOSITION. Let U : B + A have a left adjoint F and assume that B 
has split idempotents. If there exist a functor G : A ---f B and natural transfor- 
mations B A GU 5 B, such that t . s = B, then U is VTT. 
Proof. Let r : I + B be a diagram such that UT has an absolute colimit 
in A. Then GUT has an absolute colimit in B. Since r _sf, GUT 5 r = r, 
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then r has an absolute weak colimit by Proposition 3.3. Since B has split 
idempotents, r has an absolute colimit bv Theorem 4.2. Of course, IJ’ 
preserves it. 
To show that C! reflects thcsc 1 ‘-absolute colimits, it is sufficient to show 
that U reflects isomorphisms. If b : R - B’ is such that 1’6 is an isomorphism 
with inverse a : C.‘B’ - (‘B, then sB . Gu tB’ is the inverse of b. 1 
To illustrate this, let X be a discrete category, and let A be pointed, have 
splrt rdempotents, and X-fold products. Then the adjoint pair Ax?& A, 
d -- n is ITT. This is seen by taking G mu 3, t the counit of the adjoin&e+ 
and s the “Kronecker 6”. 
EXAMPLE 7.7. The category C of compact Hausdorff spaces with the 
usual forgetful functor C,’ : C + S is triadic. 
Let P : S - S be the covariant power set functor. \riew a topological space 
as a set X equipped with a closure operator (0: I’(S) + P(S) satisfying 
(i) =I ;:, (ii) il C ‘-1, (iii) B = A, and (iv) A U B - A4 u B. &I function .f 
between topological spaces is continuous if and only- if ,f(--I) Cf(A) for 
all 9, and is closed if and only if f(A) I)f(,-3) for all Z-1. 
Since any continuous map between compact Hausdorff spaces is closed, 
the maps of C are precisely those functions which preserve the closure 
operator. 
That L’ has a left adjoint is well known. 
Let -Y, I’ be compact Hausdorff spaces and LY;~ 1. continuous maps. 
Assume that x I$ T- 2 % is an absolute coequalizer in S. Then 
is a coequalizer in S. 
By the above, the upper and lower squares on the left of the following 
diagram commute: 
Thus, there exists a unique (()z : PZ + PZ, making the square on the right 
commute. 
It is easily checked that ( )z defines a closure operator on Z and thus /z is 
continuous and closed. 
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Since h is onto, continuous, and closed and I’ is compact Hausdorff, so is 2. 
That ,Y I$ I7 14, Z is a coequalizer in C is easily checked. 
I’ obviously preserves it and by the uniqueness in the definition of (P)~, 
we see that 73’ also reflects it. This completes the proof that C : C---f S is 
triadic. 1 
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